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The location of the cutoff in the gravitational-wave spectrum of black hole-neutron star mergers
is correlated strongly with the neutron-star radius for the case that the neutron star is disrupted
by the black hole during the merger. However, the modulation which appears in the spectrum due
to the mode mixing makes it difficult to measure the cutoff frequency if gravitational waves are
observed from inclined direction or the binary is precessing. In this letter, we show that the cutoff
frequency can be measured even in such situations with a method we have recently proposed to
reconstruct the face-on waveforms only from the strain observed from a particular direction. We
show that the systematic error in the measurement of the neutron-star radius can be reduced to
. 5% for the case that tidal disruption of the neutron star occurs significantly.
PACS numbers: 04.30.w, 04.40.Dg, 04.25.D-
I. INTRODUCTION
Gravitational waves from black hole-neutron star
mergers are among the most promising target for ground-
based-detectors [1–3], and they are expected to be de-
tected in the not-so-far future [4–6]. The waveforms
will contain rich information of the compact objects and
physics in the extreme environment, e.g., strong gravi-
tational field and high density and so on. In particu-
lar, gravitational waves contain the information of the
neutron-star mass and radius that has a great impact on
the study of nuclear physics via constraining the uncom-
prehended equation of state of the neutron-star matter.
The black hole-neutron star mergers are also expected to
be sources of various electromagnetic transients [7]. Ob-
servations of the electromagnetic signal associated with
the merger are useful to determine the host galaxy of the
events. This enables us to measure the sky location and
the redshift of the merger event accurately.
To extract physical information from the waveforms
and to understand the associated electromagnetic tran-
sients, quantitative prediction of the merger dynamics
is necessary. The numerical-relativity simulation is a
unique method to predict the late inspiral and merger
stages quantitatively. Many numerical-relativity simu-
lations have been performed for black hole-neutron star
mergers in the last decade, and we have learned their
dynamics quantitatively [8–29]. The correlation between
the neutron-star radius and the cutoff frequency in the
gravitational-wave spectrum is one of the most spectac-
ular findings [16, 17, 30, 31]. If the black-hole tidal force
exceed the self-gravitational force of a neutron star dur-
ing the inspiral stage, the neutron star can be disrupted
by the tidal force of the black hole. In such a case, the
amplitude of gravitational waves is strongly suppressed
after the neutron star is tidally disrupted, and this sup-
pression appears as damping in the higher frequency part
of the gravitational-wave spectrum. The location of the
damping in the spectrum, i.e., the cutoff frequency, is
correlated strongly with the neutron-star radius. Hence,
the measurement of the cutoff frequency along with the
other binary parameters, such as the mass and the spin
of each object, will constrain the radius of the neutron
star. On the other hand, the precise measurement of the
gravitational-wave phase evolution enables us to deter-
mine the parameter related to the neutron-star radius,
such as the tidal deformability of the neutron star [32–
39]. The measurement of the cutoff frequency as well
as the phase evolution enables us to perform the consis-
tency check between the neutron-star parameters for a
single gravitational-wave event.
For most of the previous studies, the cutoff frequency
was studied only considering the waveforms observed
along the orbital axis. However, the binary would be
generally observed from an inclined direction from the
orbital axis. Moreover, the inclination angle can be a
function of time if the orbital plane precesses due to the
misalignment of the black-hole spin and the orbital an-
gular momentum via the spin-orbit interaction [40, 41].
In such situations, not only the dominant wave compo-
nents, of which frequency is twice the frequency of the
orbital motion, but also other components with differ-
ent frequencies significantly contribute to the observed
waveforms. This mixing of the modes with different fre-
quencies causes the modulation in the amplitude of the
gravitational-wave spectrum, which makes the location
of the cutoff obscure [28]. Therefore, the direct measure-
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2ment of the cutoff frequency for the observed waveforms
is not a trivial issue for generic situations.
In this letter, we propose a method to measure the lo-
cation of the cutoff in the gravitational-wave spectrum
for the case that the binary is observed from an inclined
direction. We show the systematic error in the measure-
ment of the neutron-star radius by our method when the
gravitational-wave detector noise is ignored. Through-
out this letter, we refer to the waveforms observed along
the orbital axis as the face-on waveforms. For the pre-
cessing cases, the face-on waveforms are defined by the
waveforms observed along the instantaneous orbital axis
employing the definition of Ref. [42, 43].
II. METHOD
The analysis in this letter is based on the method in-
troduced in our recent paper [44]. This method allows us
to approximately reconstruct the face-on waveforms only
from the waveform strain observed from a particular di-
rection. The brief outline of the method is as follows:
First, the orbital phase is approximately extracted from
the phase of the observed waveforms by fitting a smooth
function. Second, the Fourier spectrum with respect to
the orbital phase, which we call the mode spectrum, is
computed from the strain. Third, the contribution from
the dominant modes is extracted from the mode spec-
trum and it is re-transformed into the time domain data.
Finally, the face-on waveforms are reconstructed from
those extracted dominant-mode waveforms. The contri-
bution of the sub-dominant modes is removed from the
strain by this procedure, and hence, the modulation in
the gravitational-wave spectrum is removed by employing
the reconstructed waveforms. Our purpose of this letter
is to demonstrate that our method enables us to measure
the cutoff frequency and to constrain the neutron-star
radius within an acceptably small systematic error. For
this purpose, we do not consider the noise in the strain
in this letter.
We have improved the fitting function from the previ-
ous work [44] in two ways. We eliminate the logarithmic
terms in the fitting function in the inspiral stage because
they do not improve the accuracy of the fit. The fitting
function for the post-merger stage is slightly changed and
the junction condition between the inspiral stage and the
post-merger stage is strengthened to guarantee the C2
condition at t = t0 of Eq. (11) in Ref. [44]. We newly set
t0 as the fitting parameter, which was fixed in the previ-
ous paper. We also change the extraction procedure to
apply the window function of Eq. (16) in Ref. [44] indi-
vidually for each |m| = 2 mode while both m = ±2 were
extracted at once in the previous work.
We use the waveforms obtained in the numerical-
relativity simulations performed in Refs. [19, 28]. In
these simulations, the neutron-star mass is fixed to be
1.35M. We employ the models with the mass ratio of
the black hole to the neutron star and the dimension-
less spin parameter of the black hole are 5 and 0.75,
respectively. By contrast, the neutron-star radius and
the initial black-hole spin orientations, itilt, are varied
systematically. Here, itilt is defined as the angle between
the black-hole spin and the orbital angular momentum at
the initial time of the simulation. We generate waveform
strains observed from various directions employing the
waveform data up to l = 4 components of spin-weighted
spherical harmonic expansion. We choose θ = (0, pi/12,
pi/6, pi/3, 5pi/12) and φ = (0, pi/2, pi, 3pi/2) for each θ as
fiducial observer directions. Here, two angles, θ and φ,
denote the direction of the fiducial observer from the bi-
nary in Cartesian coordinates in which the x and z axes
are taken along the separation vector from the black hole
to the neutron star and the total angular momentum at
the initial time of simulation, respectively. We note that
we only consider the case that θ ≤ 5pi/12 because the de-
nominator of Eq. (10) in [44] can be zero for the case that
θ ≈ pi/2 and our method cannot be used for such a case.
Since binaries with smaller values of θ are more likely to
be detected in the gravitational-wave observation, this
restriction may not be severe [45].
The cutoff frequency in the spectrum is defined in the
same way as in Ref. [31]: First, we search the frequency f0
at which f2|h˜ (f) | becomes maximum, where h˜(f) is the
Fourier spectrum of the strain. Then, we define the cutoff
frequency of the spectra, fcut, as the frequency that the
amplitude of the spectra becomes h˜ (f0) /e for the first
time at f0 < fcut. We confirm that the cutoff frequency
thus defined agrees with the quasinormal-mode frequency
of the remnant black hole within ∼ 10% for binary black
holes.
III. RESULTS
The extraction of the face-on waveforms by the mode
decomposition method is crucial for measuring the cut-
off frequency from the observed strain. In Fig. 1, we
compare the spectra calculated from the waveforms ob-
served from a particular observer direction, the wave-
forms reconstructed by our method, and the face-on
waveforms directly calculated from numerical-relativity
data. The spectra of observed strains are modulated, and
the modulation produces fake cutoffs in them for both
non-precessing and precessing cases. On the other hand,
such modulation disappears in the spectra of the recon-
structed waveforms, and the spectrum agrees nicely with
the one of the face-on waveforms. Indeed, we find that
the cutoff frequency measured from the reconstructed
waveforms agrees with that of the face-on waveforms
within ∼ 2% for this example, while the one measured
from the observed strain deviates from them. This re-
sult clearly shows that the reconstruction of the face-on
waveforms is crucial to measure the cutoff frequency.
We plot the cutoff frequency extracted from the recon-
structed spectra and the systematic variation in measure-
ment of the neutron-star radius in Fig. 2. In the upper
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FIG. 1. The comparison between the gravitational-wave spec-
tra calculated from the strain observed from a particular ob-
server direction, the waveforms reconstructed from the strain
by our method, and the face-on waveforms. Here, m0 and D
are the total mass of the binary and the hypothetical distance
to the binary in geometrical units, respectively. The vertical
dashed lines denote the cutoff frequency of each spectrum.
two panels, the cutoff frequency is plotted as a function
of the neutron-star radius. For each itilt, we plot the re-
sults of the cases for θ = 0 with light green dashed lines,
and show the range of measured cutoff frequency for a
given range of θ. The width of the range of the cutoff
frequency can be interpreted as the systematic error of
our method due to the variation of the observer direction.
We draw the bands showing the results for each range of θ
by varying ϕ in [0 : 2pi), because we find that the system-
atic error depends primarily on θ. In particular, while θ
can be measured from the observed waveforms, degener-
acy with the orbital phase makes the measurement of ϕ
difficult for non-precessing cases.
The lower two panels show the error of the neutron-
star radius induced by the systematic error of the cut-
off frequency. We assume the results for θ = 0 as the
fiducial relation between the cutoff frequency and the
neutron-star radius. Then, the measurement error of the
neutron-star radius for a given range of θ is calculated as
follows: First, for each given neutron-star radius, we cal-
culate the corresponding cutoff frequency by the fiducial
relation. Next, we search the extent of the neutron-star
radius that reproduces the same cutoff frequency within
the systematic error. Finally, we define the error of the
neutron-star radius from the largest deviation in such an
extent.
Generally, the systematic error in the cutoff frequency
is larger for a larger value of θ. This is because large val-
ues of θ enhance the contribution of sub-dominant modes
to the strain, and make it difficult to remove the mod-
ulation in the spectrum. For non-precessing cases, the
systematic error in the cutoff frequency is within ∼ 10%
when θ ≤ 5pi/12. The systematic error in the neutron-
star radius is within ≈ 5% in these cases.
The systematic error in the cutoff frequency also tends
to be larger for larger values of itilt. Nevertheless, for
the moderately precessing cases (itilt = pi/6), the cutoff
frequency can also be measured within ∼ 10% error if
θ ≤ 5pi/12. We find that there is still strong correlation
between the neutron-star radius and cutoff frequency if
the neutron-star radius is larger than ≈ 13.5 km, and the
error in the neutron-star radius is smaller than ≈ 5%.
The correlation is weaker than the non-precessing ones
for the case that the neutron-star radius is smaller than
≈ 13.5 km. This is because the tidal disruption of the
neutron star is less likely to occur for a large value of itilt
even for large neutron-star radii [25, 28].
For itilt = pi/3 and pi/2, the systematic error in the
cutoff frequency is larger than two previous cases shown
in Fig. 2 due to a large value of itilt. Moreover, the cor-
relation between the neutron-star radius and the cutoff
frequency is much weaker than the cases with itilt = 0
and pi/6. For itilt = pi/3, the correlation between the
neutron-star radius and the cutoff frequency is still found
if the neutron-star radius is larger than ≈ 13.5 km, but it
is hidden in the systematic error of the cutoff frequency
unless θ ≤ pi/6. For itilt = pi/2, the correlation is hardly
found even if θ = 0. Therefore, it is difficult to con-
strain the neutron-star radius from the cutoff frequency
for these cases.
IV. DISCUSSION
In this letter, we studied the systematic error in mea-
suring the cutoff frequency of black hole-neutron star
merger using a method for extracting the face-on wave-
forms from the observed strain. This work is done for
the case that the systematic error due to the detector
noise is much smaller than the systematic error. Under
this assumption, we show that the systematic error can
be within ∼ 10% even for the case that the direction of
the fiducial observer, θ . 5pi/12.
Employing the data obtained by Refs. [19, 28], it is
found that systematic error in the neutron-star radius
can be within ∼ 5% for non-precessing cases. Further-
more, the systematic error in the neutron-star radius
larger than 13.5 km can be smaller than ∼ 5% for mod-
erately precessing cases. However, the extremely high
signal-to-noise ratio events will not be expected in the
near future, and thus, the measurability in the presence
of the detector noise should be studied. We also need to
extend the study to the other cases that the tidal dis-
ruption of the neutron star occurs significantly, such as
the cases with the small mass ratio or large dimension-
less spin parameter. In particular, a black hole-neutron
star binary with a high black-hole spin would be inter-
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FIG. 2. Upper panels: The cutoff frequency measured from the reconstructed spectrum. The horizontal axis denotes the
neutron-star radius. The left and right panels show the results for the case that itilt = 0 (non-precessing) and pi/6 (precessing),
respectively. The light green dashed lines denote the cutoff frequencies measured from the spectra of gravitational waves
reconstructed from the strains observed from θ = 0. The filled areas show the ranges of cutoff frequencies measured from the
reconstructed spectra for a given range of θ. Lower panels: The relative error in the measured neutron-star radius induced by
the systematic error in the cutoff frequency.
esting to check if our method is applicable to the system
which is largely precessing but the tidal disruption is still
significant.
The systematic error in the cutoff frequency might be
improved by employing accurate numerical waveforms.
A residual eccentricity with ≈ 0.01 is present in the ini-
tial condition of our simulation. A residual eccentricity
induces an oscillatory modulation in the phase evolution,
and thus, enhances the contribution of sub-dominant
modes in the spectrum. Furthermore, the waveforms
contain only last 10–17 cycles before the merger. This
shortness of the data also induces the error in the dom-
inant modes via broadening of the peaks in the mode
spectrum. Therefore, the systematic error in the cut-
off frequency might be smaller than the current result
if we employ data with more wave cycles and with less
eccentricity. Indeed, we find that the cutoff frequency
measured from various directions agrees with each other
within ≈ 5% if we employ binary black hole waveforms in
Ref. [46], which contains more wave cycles and less resid-
ual eccentricity than the ones employed in this work. We
are now also working on a high-accuracy longterm simu-
lation for a black hole-neutron star merger employing a
low residual eccentricity initial data, and hence, the sys-
tematic error in the cutoff frequency would be improved
from what we found in this letter.
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